Abstract. We calculate an upper bound for the second non-zero eigenvalue of the scalar Laplacian, λ2, for toric Kähler-Einstein metrics in terms of the polytope data. We also give a similar upper bound for Koiso-Sakane type Kähler-Einstein metrics. We provide some detailed examples in complex dimensions 1, 2 and 3.
Introduction
The purpose of this article is to investigate the second non-zero eigenvalue (ignoring multiplicities) of the scalar Laplacian for a large class of Kähler-Einstein manifolds. There are many well-known results concerning the first non-zero eigenvalue of a Riemannian manifold, yet relatively little in the literature about the second eigenvalue. This is partly because unless the Riemannian metric has a very simple form, it is very difficult to calculate exact or even approximate eigenvalues.
The first class of manifolds we study in this article are known as toricKähler-Einstein manifolds. They are in some sense the largest group of Fano Kähler-Einstein metrics that are currently known, thanks to an existence result of Wang and Zhu [18] (c.f. Theorem 2.1). The first non-zero eigenvalue λ 1 on these manifolds is always 2Λ, where Λ is the Einstein constant defined by Ric(g) = Λg, hence λ 2 is the first geometrically interesting value of the spectrum in this case. The second class of manifolds we consider are Fano manifolds that admit a dense one-parameter family of hypersurfaces (each hypersurface is a principal U (1)-bundle over the product of some Fano Kähler-Einstein manifolds). Many of these manifolds admit a Kähler-Einstein metric due to an existence result of Sakane and Koiso [16] , [14] . As in the Wang-Zhu case, the first eigenvalue of these metrics is 2Λ.
Unfortunately the metrics given by the Wang-Zhu theorem are not known explicitly in many cases and so calculating quantities of interest to physicists and mathematicians is impossible. In the last five years or so there have been huge advances in the use of numerical methods to approximate these metrics and calculate geometric quantities ( [4] , [7] , [8] , [12] , [13] ). For example on the complex surface CP 2 ♯3CP 2 C. Doran et. al. obtained estimates for the first couple of D 6 -invariant eigenvalues and eigenfunctions. However it is not clear that the numerical methods (which will work in theory) can be practically applied in higher-dimensions using current computational power.
We give a method for generating an estimate for λ 2 that could be calculated for any toric Kähler-Einstein metric without any explicit representation or approximation of the metric. The main theorem we prove is the following:
be an n-complex dimensional toric Kähler-Einstein manifold with Einstein constant Λ and moment polytope P ⊂ R n . Let E = {x 1 , ..., x n } be a set of coordinates on the polytope chosen so that (1)
Given (a 1 , ..., a n ) ∈ R n /{0} we can form the quadratic function
Let Φ is the projection of φ 2 onto the L 2 -orthonormal complement of E ⊕ R.
Then the second eigenvalue of the Laplacian (counted without multiplicity), λ 2 , satisfies the bound
Though the bound is rather unwieldy, the main utility is that the integrals appearing in it can all be easily calculated. We do this for the toric Fano Kahler-Einstein surfaces and for the threefold P(O ⊕ O(−1, 1)) CP Here the actual value also refers to the actual value of the second torus invariant non-zero eigenvalue. This might be strictly greater than the value over all functions, see for example [2] . It would be interesting to know if this is actually the case.
The second main result is the following (all notation is explained in section 5):
..,qr be a Koiso-Sakane Kähler-Einstein manifold determined by the tuples (p 1 , p 2 , ..., p r ), (n 1 , n 2 , ..., n r ) and Einstein constant Λ. Then the second non-zero eigenvalue λ 2 (counted without multiplicity) satisfies
where
The results provide the foundation for further investigation into the spectral gap (i.e. the ratio) of the first two non-zero eigenvalues. In particular there is evidence for the following:
Conjecture: Let (M n , g, J) be a toric Kähler-Einstein manifold with Einstein constant 1. Then
where λ 2 (CP n ) denotes the second eigenvalue of the Fubini-Study metric normalised to have Einstein constant 1.
The remainder of the paper is as follows. In section 2 we give some background on toric-Kähler manifolds. In section 3 we prove Theorem 1.1. In section 4 we calculate the specific examples in Table 1 . Finally in section 5 we speculate on some theoretical developments in this area and possible applications to other geometries. Jarman for their hospitality whilst much of this paper was written. We would like to thank the anonymous referee for useful comments and corrections. This work was supported by a Dennison research grant from the University of Buckingham. TM was supported by an ARC grant.
Toric-Kähler manifolds
Here we give a brief overview of toric-Kähler manifolds. The approach we describe was developed by V. Guillemin [10] and M. Abreu [1] . A very good account is also contained in the paper by C. Doran et al. [8] .
2.1. Background theory. The class of manifold we are interested in are known as toric-Kähler manifolds. A Kähler structure on a manifold is a complex structure J and a J-invariant metric g with the condition that the associate 2-form ω = g(J·, ·) is closed. It is a remarkable fact that, given this data, the metric g can be locally represented in complex coordinates by
where f is a real-valued function.
A toric-Kähler manifold M is defined as an n-complex dimensional Kähler manifold (M n , J, g) with an open dense subset M • ⊂ M on which the real n-torus T n = U (1) n acts freely and holomorphically. There are natural complex coordinates on M • in this situation, z = u + √ −1θ where u ∈ R n θ ∈ T n . The torus action then rotates the θ component and leaves the u fixed. In these coordinates the metric has the form
where F : R n → R is a convex function. The convex function F induces a change of coordinates given by
The map u → ∇F is known as the moment map and the image P • of R n under this map is the interior of a convex polytope P . This polytope P is known as the moment polytope of the toric-Kähler manifold M and it can be described as the intersection of linear inequalities of the form
where v k is a primitive element of Z n and c k ∈ R. The coordinates on the polytope are known as symplectic coordinates. The polytopes that arise in this context are called Delzant polytopes and satisfy the condition that there are n codimension-one faces meeting at each vertex and that the n vectors v k form a basis for R n .
The Kähler potential F transforms under the Legendre transform to a function called the symplectic potential
If we denote by ψ ij = ∂ 2 ψ ∂x i ∂x j then the metric in symplectic coordinates is then given by
where ψ ij is the inverse of ψ ij . Guillemin [10] showed that one can always write the symplectic potential as
where h(x) is a smooth function on P . We call the function
the canonical symplectic potential. with Λ > 0. These can only occur if the underlying complex manifold is Fano (i.e. has ample anti-canonical bundle). There are a number of ways of testing whether a toric-Kähler metric is Fano by looking at the polytope. One useful characterisation is that there is an affine change of coordinates in which the constants c k in the defining affine linear functions are all equal. Another useful way of looking at this is that the polytope has a preferred center of mass at the origin. We shall henceforth assume that the symplectic coordinates have been chosen so that this is the case. Given a Fano manifold it is not always true that there exists a Kähler-Einstein metric. However on toric-Kähler Fano manifolds, the only obstruction is essentially classical. If the automorphism group is strictly larger than the maximal torus, the first eigenspace will contain eigenfunctions other than the torus-equivariant ones.
3. The proof of theorem 1.1
In order to obtain our bound we use the characterisation of the second eigenvalue given by
where E 1 is the first eigenspace. Proposition 2.2 gives an extremely concrete discription of the first equivariant eigenspace of a toric-Kähler-Einstein manifold. We can integrate powers of first eigenvalues appearing in the quotient (3.1) using the following proposition.
Proposition 3.1. Let (M, g) be a closed Riemannian manifold and let η ∈ C ∞ (M ) be a smooth function. Then for p, q such that
Hence if one takes η an eigenfunction of the Laplacian with eigenvalue 2Λ we have
Proof. We first note the pointwise formulae
Hence
The result follows from integrating by parts.
Given this result we can now prove Theorem 1.1.
Proof. (of Theorem 1.1)
If {x 1 , ..., x n } are the coordinates satisfying conditions (1) and (2) in the hypothesis then this is the same as saying
The projection of the quadratic
to the orthogonal complement of this space is given by
Straightforward calculation yields
One can evaluate the integrals ∇x i , ∇φ 2 L 2 and ∇x i , ∇x j L 2 by integration by parts; hence
The result follows from using Proposition 3.1 and taking the infimum over all possible choices of (a 1 , ..., a n ) = 0. Hence λ 2 ≤ 6. As the Fubini-Study metric is explicit it is well-known that λ 2 = 6. When a = 1, the function Φ is the Legendre polynomial P 2 (x).
CP
2 . The Kähler-Einstein metric in this case is the Fubini-Study metric which is known explicitly. The moment polytope is the triangle with vertices at (−1, −1), (2, −1) and (−1, 2) . This corresponds to the normalisation Λ = 1. The affine linear functions defining the polytope are
We form the orthonormal system of eigenfunctions
The projection of the quadratic (ax 1 + bx 2 ) 2 is given by
We can then calculate
Hence λ 2 ≤ 16 3 . As with CP 1 , this is the exact value of λ 2 in this case and Φ is the associated eigenfunction.
1 × CP 1 . The Kähler-Einstein metric in this case is the product of the Fubini-Study metric on each factor. The moment polytope is the square with vertices at (−1, −1), (1, −1), (−1, 1) and (1, 1). The affine linear functions defining the polytope are
The projection of the quadratic is given by
Calculation yields
and
So the ratio is given by
This function has a global minima of 32 7 ≈ 4.6 when a = b. The true value of λ 2 for this manifold is 4. The eigenfunction in this case is x 1 x 2 .
CP 2 ♯3CP
2 . This is the first non-trivial application of the method. The
Kähler-Einstein metric on this manifold was first shown to exist by Siu [17] but it is not known explicitly. The moment polytope is a hexagon with vertices at ( 
Hence we obtain an estimate λ 2 ≤ 672 127 ≈ 5.29. In order to check the accuracy of this bound we can use an approximation of the metric in the Rayleigh-Ritz method. Briefly, the Rayleigh-Ritz approximation method involves taking a set of test functions S = {ψ 1 , ..., ψ N } and forming the two matrices
Providing the test functions from a complete spanning set as N → ∞, the spectrum of M = B −1 A converges to that of the Laplacian.
The metric is invariant under an action of D 6 and so it makes sense to try and expand the symplectic potential as a series of D 6 -invariant polynomials. Doran et. al. [8] give an approximation of the Siu metric in terms of the functions U and V where
They use the symplectic potential given by
this yields a metric that satisfies the Einstein condition pointwise to better than 10% (and the global rms error is 0.007). Using this approximation to the metric and the set is well known to be 5 and our method will achieve this as there is a second eigenfunction that is a quadratic in a first eigenfunction.
Now we consider P(O ⊕ O(1, −1)) CP

×CP
1 . The Kähler-Einstein metric on this manifold was shown to exist by Sakane [16] , though it was not given explicitly. The manifold admits a cohomogeneity-one action and so it is possible to write down the symplectic potential explicitly. This was done by Dammerman in his D.Phil. thesis [5] . This manifold can also be realised as the blow-up of CP 3 at two skew lines. This yields a moment polytope which is a tetrahedron sawn-off at two skew edges. The moment polytope for this manifold is given by the linear inequalities
The orthonormal basis is:
This yields the projection of the quadratic
A numerical check yields that the optimal bound appears to be when a=b=c, this gives the result (to 4 d.p.)
and ∇Φ 2 L 2 ≈ 5.9676, hence an upper bound λ 2 ≤ 4.7011. In his thesis, Dammerman showed that the symplectic potential for this metric is given by
We use the Rayleigh-Ritz method with the set 
Koiso-Sakane Kähler-Einstein Metrics
Another class of Kähler-Einstein manifolds that we can apply our method to are the Koiso-Sakane [14] manifolds. Here we use the framework outlined by Dancer and Wang [6] . Let (V 
on the manifold I × P q where α and β i are smooth, non-negative functions on I. One can compactify this manifold by collapsing a circle (or a higherdimensional sphere) at each end. We refer to this manifold as W q 1 ,...,qr .
In order for metrics of the form (5.1) to extend smoothly to the compact manifold α and β i must satisfy certain boundary behaviour. We refer the reader to [6] for details here. The class of manifolds we are interested in in this section is provided by the following:
Then W q 1 ,...,qr admits a Kähler-Einstein metric.
The integral is the Futaki invariant of the holomorphic vector field ∂ s , hence, as in the toric case, the only obstruction is classical. In this case the functions α and β i are given by
and,
In the case that the factors in the base are homogeneous the manifolds are also toric, however non-toric examples do exist. The U (1) action on the bundle P q lifts to a holomorphic U (1) action on W q 1 ,...qr and so by the Lichnerowicz-Matsushima theorem, these manifolds all have λ 1 = 2Λ. Furthermore, the potential function for the holomorphic vector field induced by the U (1) action is just the coordinate s. Equation (5.2) is essentially equivalent to the requirement that s − 2n 1 − 2 has integral 0 and is the first non-constant eigenfunction for the Laplacian.
Theorem 5.2. Let −(n 1 +1)q i < p i and (n r +1)q i < p i for 2 ≤ i ≤ r−1 and suppose that equation (5.2) is satisfied, then the second non-zero eigenvalue of the Koiso-Sakane metric satisfies
Proof. This follows as before by taking the projection of s 2 to the orthogonal complement of {1, s} and then using the integration-by-parts formula to evaluate the integrals in the Rayleigh quotient. Hence we obtain the bound:
We note that this bound is not as good as the one obtained in the toric theorem. This is to be expected as the bound involves a function invariant under a strictly larger symmetry group. It is reassuring that this bound occurs as the largest eigenvalue of the Rayleigh-Ritz matrix computed using Dammerman's symplectic potential.
The example above can easily be generalised bytaking the product of any two projective spaces of the same dimension N and forming manifold W q,−q for 0 < q < N + 1. Given any compact subset C of R n with V olume(C) > 0 then one can form an orthonormal basis out of the coordinate functions. Choosing a representative η one can find the projection of η 2 onto the orthogonal complement of the coordinates (denoted again by Φ) and try to find the representative that minimises the quantity
For example if C = D 2 is the unit disc theñ
are orthonormal and the projection of the quadratic (ax 1 + bx 2 ) 2 onto the orthogonal complement is given by
If we imagined that the disc was the moment polytope of a toric Kähler-Einstein manifold this would yield an upper bound of 16Λ 3 for λ 2 . It might be possible to prove that there is a universal upper bound (depending only upon the dimension n) to this general problem and so a universal upper bound to λ 2 for any toric Kähler-Einstein manifold. If we denote by λ 2 (CP n ) the second eigenvalue of the Fubini-Study metric on complex projective space then the numerical work certainly gives evidence for the following:
Conjecture 1: Let (M n , g, J) be a toric Kähler-Einstein manifold. Then
In fact, perhaps a stronger result is true.
Conjecture 2: Let (M n , g, J) be a toric Kähler-Einstein manifold. Then the bound given in Theorem 1.1 is less than or equal to λ 2 (CP n ).
There has been interest in to what extent the spectrum of a toric-Kähler manifold determines the polytope. We refer the reader to the recent work of Dryden, Guillemin and Sena-Dias [9] for results in this direction. In particular, they suggest it might be possible that the equivariant spectrum of toric Kähler-Einstein metrics might uniquely determine the polytope and hence the manifold. Any product metric will have λ 2 = 4 but as the polytopes for toric Kähler-Einstein manifolds are very restricted in the set of Delzant polytopes one possibility might be that a non-product, toric Kähler-Einstein manifold has polytope uniquely determined by λ 2 . In other words, each nonproduct, toric Kähler-Einstein metric (normalised to have Einstein constant 1) has a unique value λ 2 associated to it.
For the Koiso-Sakane manifolds, one could consider the problem of bounding the expression for the bound in terms of integrals involving an arbitrary measure µ on [−1, 1] with center of mass 0 (i.e.
1 −1 xdµ = 0). This problem has no universal bound as can be seen by taking the limit as ǫ → 0 of µ = V (ǫ)e (1−x 2 )/ǫ dx, where V (ǫ) is a constant to make µ have unit mass. The numerical work seems to suggest that 6 = λ 2 (CP 1 ) is a universal upper bound for the manifolds W q,−q . 6.3. Other geometries. Techniques similar to those described above might also be useful in bounding the first (or low lying) eigenvalues of other geometries that are of interest to mathematicians and physicists. For example, in [11] similar techniques are used to obtain bounds on the first eigenvalue of the Page metric and Chen-LeBrun-Weber metric, both Einstein metrics on CP 2 ♯CP 2 and CP 2 ♯2CP 2 respectively. All one needs is the explicit knowledge of a function that is the solution to an equation involving the Laplacian and explicit knowledge of the volume form.
